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1 Introduction and first considerations 
1.1 Introduction 

Let S be a compact hypersurface in K™ (or more general a smooth submanifold) with 
surface measure a. We say that the L p (]R n )-L q (S) Restriction Theorem holds if there 
exists a constant C > such that 



holds for every Schwartz function /. A good overview of this topic offers the famous book 
of E. M. Stein [St]. More detailled information concerning the development in this research 
field may be found in the overview article of Terence Tao [T] . 

The object of my investigations is a surface of so-called finite typ, where the tangent plane 
has finite order of contact. This means - describing the surface locally as a graph of a 
function - that the second derivative of the function with respect to some direction vanishes 
at some points (and therefore the curvature as well). One just demands not all derivatives 
to vanish. A simple example is the curve x m , m > 3. However, the restriction estimates 
for curves are known since 1979 [ACK]. But we can construct a cone-like surface from the 
curve, like the „classical" cone is arised from a circle. A sharp restriction theorem for the 
„classical" cone was proven by Barcelo [Bal], remarkably without bilinear estimates. The 
reason for this is that the cone somehow behaves like a curve, and in the one-dimensional 
situation, you may use other methods. 

Unfortunatly, just when I finished my work, I was informed that Barcelo himself already 
dealt with the same problem in another paper [Ba2], which was unknown to me. However, 
although the basic structur might be comparable at the end, the details and techniques 
are quite different. This can be seen clearest in the different choice of decompositions, 
which reveal the discrepancy between Barcelos point of view and my own. 
Another point is that Barcelo always considered the full cone (equipped with a modified 
measure to compensate scaling) and not just a compact part. But, at least away from a 
sharp line, both approaches are equivalent. Furthermore, as the „conical direction" gives 
neither curvature nore a finite type condition, one would expect no impact from here, and 
my notation allows to verify this. Besides obtaining a similar result independently, the 
most striking point certainly is that unlike Barcelo, I was able to get the sharp range of 
p and q. 

There is a technical obstacle, preventing Barcelo from obtaining the optimal result. When 
I tried to adopt Barcelos arguments, I got into trouble with the same obstacle quickly. But 
eventually, I discovered a way to outmaneuver it. The „correct" formulation of the problem 
I found, and which I could prove, can be seen in terms of the affine arclength measure, 
which is constructed in order to compensate the decreasing curvature. Such variations 
of restriction theorems can be found in Drury and Marshall [DM], who also considered 
curves of finite typ. This is of course a different problem. But like in [DM], we can derive 
the original restriction estimate from the estimate with affine arclength measure, with a 
different range of p and q. 

The development of my proof might be of interest for the reader in so far, as I first proved 
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the (already well-known) result for curves and secondly adopted it for the generalised 
cone. Hence, the ideas and pictures will often be just in x-y— space. 

Following the exact formulation of the problem and reduction on the essential core of it, in 
the second part the mentioned step with the affine arclenght measure will be explained. A 
further reduction will be achieved by a certain approximation, simultanously both of the 
function and of the surface measure, like in [Bal]. The precise arguments are given in the 
following chapter. For this approximation we decompose the surface into special pieces on 
each of which the curvature will be almost constant. Furthermore, we need to estimate the 
overlap of the sets we obtain by taking the sum of two sets of the original decomposition. 
In Chapter 5, we want to investigate on the convolution of the characteristic functions (or 
smooth versions) of two sets of our decomposition. 

Well prepared by these instruments, we are ready to conclude the proof. The last chapter 
containes some technical details and auxiliary lemmas. 

1.2 The main theorem and necessary conditions 

Let 7 be a compact curve of finite typ, i.e. for all p £ 7 exists a local parametrisation $, 
= p, and m = m p £ N>2 such that $ is m— times different iable at x and &( m \x) 7^ 0. 
By compactness, we may assume that there exist a universale M such that we allways 
can find such a m p bounded by M. Moreover, we choose M minimal with this property. 

Theorem 1.1 

Let 1 < p, q < 00. We consider the generalised cone 

r = {(£,2) £ R 2 x R| 1 < z < 2, - £ 7} with surface measure a. Then the Fourier 
restriction theorem 

||/|rlk(i>) < C\\f\\ Lpm \/feS(R 3 ), (2) 
holds if 1< p < M±k and ± > M±±. 

The theorem is sharp in the sense that there exists surfaces where ([2D is not valid if 
the conditions on p' and q are hurt. First we deal with this necessity of the conditions. 
Instead of doing so in full generality, To convince us of this necessity, we will discuss an 
example in R 2 , and for simplicity omit the cone. This might be more helpfull in order to 
just understand the idea behind it. We consider the curve 7 = {(x,x m )\x £ [0, 1]} in R 2 : 
Assume the restriction estimate 

\\f\4L qM <C\\f\\ Lpm V/£5(R 2 ) (3) 

holds for some q > ^rj- The following is a variation of the classical Knapp Box example. 
We define the anisotropic dilatation of a function / £ S with respect to r > by f r (x, y) = 



1.2 The main theorem and necessary conditions 



4 



f(rx,r m y), such that f r (Z,rj) = r^ m+1 ^f (J, £). We apply © for f r , r < 1: On the left- 
hand-side we get 



i 



o 



-(m+l) 



ll/rlk(7KD = ( / |r- (m+1) /(f^)| 9 ^ 

i/(^r)i fl r de 
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o 



>rH^> (7 Vce.r) I'd*) 



=r'- (m+1) ll/lk(^). 



and therefore 



v 



r^ {m+1) \\f\\ LqM <\\fr\\ LqM < C\\f r \\ p = Cr-'-T 
We conclude that 

r l «- {m+i)+1 ^\\n LvM <c\\f\\ p , 

where the exponent of r is negativ: ^ — (m + Vj + ^j 1 = ~(m+l) fl — M = ^ — < 0. 

We get a contradiction by choosing r small enough, and therefore - > Since q > 1, 

we may already conclude that p' > m + 1. That the case of equality is excluded can be 
proven by results of the theory of oscillatory integrals: 

Again consider 7 = {(x, x m )\x G [0, 1]} and assume that ([3]) and respectively 

||/d?|lvC*») £ II/IIVW ( 4 ) 
holds for p' — m + 1. It is known that [Bu] 

/(A) = y e -^ m+A *) da; « A~^t as A ->• +00. (5) 

We obtain for / = 1 

/da(a, 6) « / e -*(^+^ m ) dx 

=&-« / e - i(ax/bm+:cm) dx 







jj, m ( — ) if 6 > 1 

6^ 
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and therefore in the case m > 3, i.e. 1 > ™±±. — 



WfMti > 



2m-2 2m-2 
■oo rCa m 



1 JC 

oo 



|/ da\ p db da 



i; 
i: 



2m 


-2 


m- 


2 


2m 


-2 


m- 


2 


2m 


-2 



6 2m-2 d5 dfl 



3^=5 ) - 1 



a p, 2™-2a m(1 2m-2> da 



a m " p da. 



da 



This integral converges if and only if m—p' < 1, i.e. p' > m+1 or, equivalently, if p < 
The case m — 3, which means 1 = = 2t ^_ 2 and p' 9 "~ 2 9 = 1, yields 

poo pCa m 

ll/d <: >/ / 



m+1 



2m-2 

|fd?| p ' db da 



/oo ^ m _ 2 />a m , 
a -p'2^2 / 1,-2^2 dfr da 

/oo 
a -1 log a da 

poo 

> / a -1 da = oo. 



However, even in the case p' = m + l a weak-typ estimate might still hold. This is beyond 
the methods of this paper. 



1.3 Reduction 

Let 7 be a compact curve of finite typ and M the maximal order of contact like above. 
Obviously, it suffice to decompose 7 into finitely many parts and prove the theorem for 
each part. At first, we cut the curve into finitely many parts, where the curve (after a 
permutation of coordinates, if necessary) can be described as the graph of some function 
$ : [a, 6] — > R. Then we decompose each such part again: For every x G [a, 6] with 
$"(x ) = 0, we will prove the restriction theorem for <&|[ Xo _ £)Xo+e ] for some e > (depen- 
ding on xo). The compact set {$" = 0} is covered by finitely many of these intervalls. But 
outside an arbitrary open neighbourhood of the set {$" = 0}, the curvature is bounded 
from above and from below, and in this case results are known [Bal]. So, how to determine 
e? 

Given ®"(x ) = 0, choose m > 2 with $ (m) (a; ) ^ minimal, thus m > 3 and ®"(x ) = 
. . . — ^ m ~^(xo) = 0. We claim that we may assume 

x = and $(0) = $'(0) = 0. (6) 

For this purpose we introduce the affine transformation $(x — xq) = <J>(x) — <&(xo) — {x — 
Xo)&'(xo), which provides $(0) = = $'(0), whereas & k \x — x ) = ^ k \x) (and therefore 
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leaving the finite typ condition untouched). 

If we define 70 = {(x, $(x))\x G [x -£, x + e]} and T = {(£,z) G R 2 xR| 1 < z < 2, | G 
70}, and correspondingly 70 = {(x, $(x))|x G [e, e]} and To, then we compute 

f = AT 

with the volume preserving transformation 

/ 1 -x 
A= -$'(x ) 1 xo^'(xo) - $(x ) 
\ 1 

This justifies ([H]). 

Additionally, we split $|(_ £j£ ) into $|/_ £>0 ) and $|(o,e)> On (—£, 0), we switch to the function 
$~ : (0, e) R, $ _ (x) = $(— x), and hence, we need just to consider parts like $|(o,e)- 
Eventually, without loss of generality, we may assume that $( m )(0) > 0. To summarize, 
we have 

$ (m) (0)>0 and $(0) = $'(0) = ... = $ (ro ^ 1) (0) = 0. (7) 

By choosing e small enough we may ensure that $( m ) |[ e ] > 0. The next step is to establish 
the following: 

Wk < m V0 < x < e : $ (fc) (x) > 0. (8) 

If this doesn't hold, we would find x\. > such that < 0. Since $( fc )(0) = 0, the 

mean value theorem would provide a Xk+i G (0,Xfc) such that & k+1 \xk+i) < 0, and by 
induction eventually a x m > such that & m \x m ) < in contradiction to our assumption. 
Furthermore $(x) ~ x m . To be more precise, Taylor expansion provides 

— min $ (m) (t) x rn < $(x) < max $ (m) (t) x m , 
m! te[o,s] ml te[o,e] 

where the minimum on the left-hand-side doesn't vanish, since (J7J and (JSJ) imply $( m )(t) > 
for all t G [0, e]. In other words, we find ax G C 2 ([0, e], (0, 00)) fulfilling $(x) = x m x(x). 
This implies 

= mx m_1 x(x) + x m x'(x) = x m ~ 1 [mx(x) + xx'(x)]. 

By reducing e if necessary, we may assume x 1 '■= mx( x ) + x x'( x ) £ CHIP^L (0, 00)). In 
the same manner, we find % 2 G C([0,e], (0, 00)) fulfilling 

= x m - 2 X 2 (x). 

By further reduction of e, we may also find an open neighbourhood of the origin, were $ 
has the desired properties. Eventually, we may rescale e = 1. 
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2 Reduction of the problem 

Altogether, it remains to discuss the following problem: 
Definition 

Let m e {3, 4, . . .} and let $ : [0, 1] — > R satisfiy the following conditions: 

(i) 3 X e C 2 [0, 1], X > : = x m x(^ 

3x x G C^O, l],* 1 >0 : $'(^) =x m - 1 x 1 (x), 
3 X 2 E C[0, 1], x 2 > : $"(z) = rr—VOr), 

(nj > fiir x > 0, k < m; especially, $ and $' are convex. 

We define the generalised cone (more exactly, a section of a cone) 

r = {{x, y, z) e R 3 | < x < 1, 1 < z < 2, $ Q = |}. 

27ie associated surface measure will be denoted by a. 
Theorem 2.1 

For I < p K si±l an d I > rn±l holds 

ll/|r|k(i» < C||/|U p(R 3) V/G5(R 3 ). (9) 
2.1 Decomposition 

The critical part of T is the origin, where the curvature vanishes. To accommodate this 
fact, we decompose T in dyadic pieces, becoming smaller near the origin. By rescaling 
to the case of (almost) constant curvature, we would be able to make use of already 
known estimates. Unfortunately, summation is only possible if ^ > rn ^-- In the limit case 
g = IB p^~> we nee d to deal with the problem as a whole. For this, we will further decompose 
each dyadic piece, depending on the curvature. 

Let V s = {(x,y,z) e R 3 |0 < x < 1, 1 < z < 2, $ (f ) < f < $ (f ) +5} be the thickening 
of T by 5 > (we drop the points with x — 1 for technical purposes). Moving on the 
x— axis from the origin by length y/~8 corresponds to $ changing by 5. In other words, 
this part of T is contained in a box of width 5. We thus define 7 = \/6 and 



It = {(x,y,z) e r 5 |(2 fc -i) 7 < x < (2 fc+1 -l) 7 }, k = 0, 



log 2 - 

7 



- 1. 



Now how to determine the finer decomposition? We change coordinates, or respectively 
$ by affine transformation into 

$ fc (x) = $( x + (2 fe -l) 7 ) - $((2 fc -l) 7 ) - :r$'((2 fc -l) 7 ), 

such that 

$ fc (0) = = ($ fe )'(0). 

According to Taylor, we get 



® (x) ~ — ^((2 fe -l) 7 ) m "V + 
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On which distance 7 fc from the (new) origin does $ varys at most 5? We demand (k ^ 0) 

5 =$ fc (7 fe ) - ^^((2 fe -l)7) m - 2 7 fe 2 , 
i.e. 7fc ^v/5((2 fc -l)7) 2 - m « 2 fc(1 ~? } 7. 

Concerning the height, we decompose equidistantly with width j3, where we require /3 < 5. 
This ensures that the projection of such a set in x-y— space does not appear to different 
to a intersection parallel to x-y— space. To choose (3 = 5 would be appropriate and you 
might assume this. Nevertheless, we distinct these two quantities to be aware how each 
of them effects our computations. We will see that the /3's cancels against each others 
at the end, reflecting the fact that there is no impact from the z-dircetion. We obtain a 
decomposition of V s as follows: 

Definition (Decomposition) 

Let 5 > 0, 7 > and 7™ = 5, let (5 < 5 with ± e N. For k = 0, . . . , | log 2 7| - I, 

j e I k = {0, . . . , 2 fe T - 1} and n = ±, . . . f - 1 define lk = 2 fc(1 ~T ) 7 , x kj = (2 fe -l) 7 + j lk , 
x k = %k,o and 

F s kjn = {(x,y,z)eR 3 \n(3<z<(n + l)/3, $ (f ) < f < $ (f ) + 5, x kj <x< x kJ+1 }. 

(10) 

Furthermore let (p k j n be a bump function adapted to T k j n . To be more precise, if r\ G 

C °°(R) ; x[-i,i] <V<X,_5 5,, let 

1 4.4J 

fornix, y,z)= V j rj { j rj j . 

This means that <p k j n is to some extend supported in an anisotropic thickening of T 5 k - n , 
precisely in the set 

r 5 kjn ={{x,y,z) eR?\\z-nP\<\P, |f - $ (f) | < \6, \x-x kj \<\ lk } 

C [J {wy k ,v6,wP) + T s kjn . 
u,v,we{-i,o,i} 

For the further proceeding, we will always denote by a the tripel (k,j,n), and, if required, 
by n a second tripel (l,i,p). 

|log 2 7|-l 2 fc TT-l | _1 

For simplification, we write Y instead of ^ Yl ■ 

a k=0 j=0 n= l 
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2.2 Proceeding to the crux of the problem 

Of essential impact is the following theorem. It is a weighted, discrete version of the 
adjoint restriction estimate and, as we will see, already implies the restriction theorem. 

Theorem 2.2 

Let p' > m + 1. 4 < 1 < \ + J 7. Then 

1 x — "V 7 1 m + 1 

M>a|| P '<H « Q ((2 fc -l)7)'"~0 a || 9 '- (11) 

ce a=(k,j,n) 




l/2m l/( m +l) 1/4 1/p' 



Fig. 2: Range of p' and q 
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The proof will be the main work in this paper and be done in the next chapters. First of 
all, we will derive the retriction theorem. 

As an immediate consequence of theorem 12. 2\ we get as corollary 

Corollary 2.3 

Let p' > m + 1, 4 < -. Then 

r ' p q 

E. 1 V — "\ i 1 m + l 

a a <P*\\ P > <H ««((2"-l)7)^~0a|| 9 M. (11) 

a a=(k,j,n) 

Proof: Actually, we just need to use that (TIT]) is valid for every p as above and for some 
range ^ < ^ < ^ + e p . According to the assumptions, we have p' > m + 1 > 4. Hence 
4 = 4 + 4<^ + 4- Therefore we find r with 4 < < ^ + 4 (cf. figure 2), and thus the 

pi pi pi 2 p p r 2 p \ ° / ' 

requirements of theorem 12.21 So it is sufficient to show that if (ITTj) holds for some (p,r), 
then it also holds for (p, g) with ~ < i. Under this condition, there exists 1 < s < oo such 
that 4 = 4+- This means 

r' q s 

i-i = I-I = -i. (12) 
r q q r s 

For (x, y, z) in the support of 0fcj„, it follows x ~ (2 fe -l) 7 , so we introduce g(x, y, z) := . 
We now may apply theorem 12. 2l and use Holders inequality for Lorentz spaces (see Lemma 
E3): 

l v — *s i, l_ m + 1 

a^^oll^ 1| 2^ a a ((2-l)j)r ~^~<p a \\r' 

a a=(k,j,n) 

=&H Yl «a((2 fc -l)7)^^ _l ^l|r-' 

a=(k,j,n) 

<^||^a Q ((2 fc -l) 7 )^- I ^0^|| v(ri) 

a 

<^||^a a ((2 fe -l) 7 )«-^«/» a || Vy(r , ) || ff || isoo(r , ) . (13) 

a 

A short computation yields 

\{(x,y,z) G T 5 : aT» > A}| = / / / dy dz dx 

Jo Ji JzH~) 



'1 Jz>$>{-) 

y z ' 

r-2 

--5\- s I zdz^SX 



i 

i.e. 



^IU S oo(r<5) =supA|{(x,y,z) 6P :ar - > A}|* ^ (14) 

A>0 



1 m + l 
19 P' i 



'q \ \q ' ,r' 



Combined with (Tl3|) . we end up with 

|| J> a a || p , <^||^ aQ (( 2 fc -l) 7 )^ 

a a 

<c^||^a Q ((2 fe -l) 7 )-" * VaWtl , 
since (1121 means - + - = -. □ 



1 m+l 
19 P' | 
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For i = ^~r^~ as considered in theorem 12. 1\ (TIT]) reads 

II ^a a a || p / <5«|| y^a a 0q||(q/,i) (15) 

a a 

for all sequences a a and every 5 > 0. In the next chapter, we will conclude that this 
statement, at least when q < oo, implies the desired restriction theorem. To be more 
precise, for ^ = and g<ooorp'>rn + l respectively, the weak L p (]R 3 )-L 9)00 (r) 
estimate 

ll/lrllwr) <||/|| p V/G5(R 3 ) 

holds. Eventually we finish the proof by using Marcinkiewicz interpolation. In the endpoint 
p = 1, q = oo, where we are not able to interpolate, the estimate is trivial. 
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3 Dense families 

3.1 Basic properties 

Definition (Dense family) 

Let X be a metric (or even topological) space. A family Ms, 5 > 0, of subsets of X is 
called a dense family in X, if 

V / G X 35 f > VO < 5 < 5 f 3f s G M s f = lim f s . 

Remark 

Given a dense family Ms, 5 > 0, the set |J Ms is dense in X . Conversely, none of the 

<5>0 

sets Ms has to be dense. 
Definition 

Let (X, d) be a metric space. 

• For a given set A with diam(A) < oo, we define its doubling by A = |J B(x, diam A) . 
Observe that diam A < 3 diam A. 

• A family {Ai}i of subsets of X is said to fulfill the bounded overlap property if for 
some constant JVgN, every point of X is contained in at most N sets Ai. 

We will discuss an example of a dense family: 
Lemma 3.1 

Let X be a compact metric space and 5$ > 0. For every 5 G (0, 5o), let {As t i}i be a family 
with the bounded overlap property covering X , and satisfying 

lim sup diam(As,i) = 0. (16) 

<5^0 i 

Let {(f>s,i}i be a partition of unity adopted to {As t i}i, i.e. 

^ (f>s,i = 1 on X, (p 5 ,i G C(X, [0, oo)) and supp<ps,i C A s>i . 

i 

Under these assumptions, Ms := LH{(fis,i}i, 5 > is a dense family in (C(X), || • \\oo)- 
Proof: Let / G C(X), 5f := 5 and xs,i G Asj. Define 

/* := J^/foO&.i e M 5 . 

i 

We have to show that lim \\f s — fW^ — 0, or 

> 35(e) > V5 G (0, 5(e)) \\f s - /|U < e 

respectively. The compactness of X provides uniformly continuity of /. Given e > there 
exists 7 > 0, such that \f(x) — f(y)\ < e for all x,y G X with distance d(x, y) < 7. Using 



3.2 An application 



13 



condition ( EES]) , we find 5(e) > such that sup diam(A$ ti ) < |7 for all < 5 < 5(e), i.e. 

i 

Vz : diam(Asj) < 7, for all 5 G (0,5(e)). Therefore, we obtain 

W5 G (0,5(e)) Vi Vx,y G A, - /(y)| <e. (17) 
Since supp4>s,i C A^j, we conclude 

V<5 G (0,«J(e)) Vy G I^Vz G X \f(x) - f(y)\Mx) <e<j> s>i (x). (18) 
For such a 5 and every x E X 



x , 



\fs(x) - f(x)\ = ^2f(x S ,i)(j)5,i( X ) ~ fW^&M 

i i 

i 

< eV4i(x) = e 

j 

holds, as we claimed. □ 
Example 

VFe consider as metric space the surface 

X = T = {(z,y,z) G R 3 |0 < x < 1, 1 < * < 2, $ (~) = -j 
/rom i/ie previous chapter. The families 
A s , kjn = m r%. n = {{x,y,z) eR 3 \n(3 < z < {n + 1)0, $ (f ) = % x kj <x< x kjj+l }, 

... m, 

Xfcj = (2 fc -l)7 + j2 ' ~ 2 ^ are fulfilling the required assumptions of Lemma \3.1\ For every 
5, they present a covering of X (with their overlap having measure zero) and it holds 

sup diam(A$ >k j n ) — sup max{/3, 2 1 2 7} 

= max{/3, 7} < max{5, <5 ™ } 
=<J* *4 0. 

TTie sets rjL n can be seen as a certain thickening of A$ tk j n by 5 in the direction of (0, 1, 0), 
which we are going to formalise soon. 

3.2 An application 

A classical result states that it is enough to know the behaviour of a bounded operator 
on some dense subset. We will obtain a similar statement concerning dense families. 
During the following explanations, let T be a compact hypersurface in R n and a the as- 
sociated surface measure. Moreover, we take the existence of a universal transversal unit 
vector N G R n for granted, i.e. Vp G T : N ^ T p T. (This is not a strong assumption, since 
T can at least be decomposed in finitely many subsets with such a universal transversal 
vector.) 
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Definition (5-thickening) 

Let T 6 be the thickening of T by 5 > in the direction of the universal transversal vector 
N, i.e. V s = T + [0,5)N. 

Given h G L^T), we denote by h the continuation along N on V s , defined by h(£ + tN) = 
HOV (!) for all^eT,te R. Here rj G C °°(R) mit X [-x,x\ <V< X[-2,2)- 



Example 

For our example, N = (0, 1, 0) is a universal transversal unit vector. The functions 

fx-x kj \ fy- z$(x/z)\ fz-n/3 

4>U*, v,*) = v {—^- ) v [ - s ) v 

introduced in chapter lKH can be considered as the continuation of the functions 

i . i . . f x — x kj \ ( z — n/3 

(p kjn {x,Z<&{x/z),z) = T] I — I T] I 

which are defined just on T. 
Remark 3.2 

Integration on V s can be done as follows: 

There is a constant A > and a smooth density if) : T — > A) in the way that 
f(x) dx = [ [ /(£ + tN)1>(Z) da(0 dt V/ G L^T 5 ). 



'r s Jo Jr 

Introducing dfi = if) do, the formula gives 

f-6 



[ f(x) dx = [ f /(£ + tN) d/i(0 dt V/ G L^T 5 ). 
Jr s Jo Jr 



(19) 



For our purposes, it's no matter wether to consider o or fi: If the conjugated retriction 
theorem 

IM/i|U p (n») < C\\g\\ Lq{r) \/g G C(r), 

holds, then 



||p^lU,(R n ) 
holds as well. 



9 A 

-dfi 



L p (M. n ) 



< C 



<AC\\g\\ LqiT) VgGC(r) 



Lemma 3.3 

Let C > 0, 5 > and 1 < p < oo, 1 < q < oo. 
Furthermore let {M$}s>o be a dense family in C(T) fulfilling 

ll^llv(^) ^ C5lq f h \\ Lql ^) V5 E (Mo) Vh G M 5 . (20) 

Then 

\\gda\\L p ,(n™) < C'\\g\\ LqlA{T ,a) V# e C(r) 

and 

H/lrllwiv) < C'll/IU,^) V/ G 5(R») C L p (E n ). (21) 



3.2 An application 
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A more canonical version of the lemma would be to test the estimate on a dense set like 
[J M v . To handle the surface measure, we then may use a ^-thickening of T. Thus the 

7)>0 

canonical version of condition (12"U|) would be 

11*11 VC*-) < ™*\\h\\ L ^ W e (0,S ) Vh e |J M v . 

il>0 

The lemma states that it suffies to check the estimate for less functions: We are allowed to 
link up r\ and S. These considerations eventually lead to the definition of a dense family. 

Proof: 

According to remark 13. 2\ we may use the measure // instead of a. 

By our assumptions, every g G C(T) provides approximations gg G Mg, 5 > such that 
lim g s = g in L^r). 

<5->0 

First of all, we observe lim^d/i = gdfi uniformly and pointwise, because 

<5— >0 

\\g s dfx - gdfi\\ = sup | / (g s - g){i)e~ ixi d M0| < M r )ll#5 ~ g\\oo ^ 0. 
This implies 




i.e. 

<5^0 

Furthermore, we compute the distribution function 

d~ 9s (s) =\{v E V s : \g s (v)\>s}\ 

i(^A)({(e,t)6rxR: \ g s (C + tN) \ >g}) 

=fl«K)x(|) 

<45/i({(eGr: > S })=4W 95 ( S ) 
and thus the decreasing rearrangement 

fiS(*) = > Q\d~ gs (s) <t}< inf | S > 0\d gs (s) <^}=96 (Jfi) ■ 



3.2 An application 
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These estimates yield 

ii M f°° i *, x dt 

\\98\\L q , A (r')= J t7gg(t) — 



_dt 
45 J T 



^ 7 / '/KO-f 







1 



Moreover, it is valid for a general / G L^fT) that 

dt 







M(T) 1 

t7 _1 r(t) ^ 

</*(0) / dt 



since — > 0, i.e. q > 1, and therefore 

lb - ^IU 9 /,i(r,M) ~ lb - tflloo ^ 0, 

so especially 

J™ll^llv,i( r ^) = lbllv,i( r ^)" ( 24 ) 
Hence by using assumption (|2"U|) . we obtain 

Fatou 

< liminfcT ||ft|| VCRn) 

123 i-iii 

< ^liminf^ Ml^v*) 

m x_ 1 _ l _ 1 „ 

< Climinf 5« «' 05 r , 

- G ll^llL 9 ,, 1 (r, M )- 

The second part of our claim is a simple duality argument. □ 
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4 Estimation of the overlap 
4.1 Straightforward results 

It will become essential for us to understand the overlap of the sets Y s k - n + Ff ip , k, I = 
0, . . . , | log 2 7| — 1, j G 1^, % G Ii, n,p — 4, . . . , | — 1, i.e. to examine the maximal number of 
them containing a single point. However, this number will not be bounded by a absolute 
constante (which would be optimal). We will get some overlap from the z— direction. 
Nevertheless, this will not cause us any trouble. 

Lemma 4.1 

For every (GR 3 holds 

#{(n,p)\3k,lj,i : i G It + rj} < 3/T 1 - (25) 



Proof: If f G T s a + rj, there exist x x G r£ jn and x 2 G rf- p with £ = xi + x 2 . Let z u z 2 
denote the last component of x x and x 2 respectively, which means n(5 < Z\ < (n + l)/3 
and pf3 < z 2 < (j»+l)/3. The sum of both inequalities leads to < 2; < (n+p + 2)/3. 

This implies -| — 2 < n + p < ^ and hence 

nG -p+[|-2,|]nN. 

We conclude 

I- 1 

#{(n,p)|3*,Z, j,< : £ G r£ + =^#{n|3fc,l, j,t : £ G ^ + Tj} 

2 1 



^E#(B- 2 'f] nN ) 



-1 



<^3 = 3/T\ 

completing the proof. □ 



Exploiting the dyadic structur of the decomposition, we obtain a further simple result: 
Lemma 4.2 

For k = 0, . . . , I log 27 | - 1 to V k (n,p) = \J{r 5 kjn + r£ p | Z < k, j G 4, i G /;}. T/^en /or a// 
£ G R 3 , n,p = 4, . . . , § - 1 /loZds 



4.2 Further results 
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Proof: The procedure is comparable to the previous proof, though we now concentrate 
on the x-component. If £ G Vk(n,p) = {J{T 5 k j n + F 5 [ip \l < k, j G h, i G //} and x denotes 
the first component of £, there exist l,j, i such that 

(2 fe -l) 7 + j lk + (2'-l) 7 + %ll < x < (2 fe -l) 7 + (j + l) lk + (2'-l) 7 + (i + l) 7l . 

Since we are just interested in the dyadic size, we estimate quite roughly 

(2 fc -l) 7 < x < (2 fe -l) 7 + 2 fc ?2 fe(1_ ? ) 7 + (2 ? -l) 7 + 2'f 2 /{1 ~f } 7 = (2 fc+1 -l) 7 + (2 m -l) 7 . 
and since we assumed / < k, this reduces to 

(2 fc -l) 7 < x < (2 fe+1 -l) 7 + (2 m -l) 7 < (2 fc+2 -l) 7 . 

It follows 

2 k < - + 1 < 2 k+2 

7 

and therefore 

log 2 ^ + l)-2<fc<tog 2 ^ + 
Our claim is an immediate consequence of this inequality. □ 



The handling of the overlap concerning the remaining parameters is more complicated. 
Here we need to involve the y— coordinate. Therefore, we need as a start a new coordinate 
system. 



4.2 Further results 

Lemma 4.3 

There exists an absolute constant C > (not depending on 5) such that for all £ G K 3 , 
k = 0, | log 27 | - I, n,p = - 1 

#{(i,M)l£eit + rt}<c. (26) 



Proof: We are allowed to restrict ourselfs to the case / k (more precise: / < k — 2), 
since in the case / ~ k the second derivative of $ and therefore the Gaussian curvature 
is comparable on the regions x ~ 2 fc 7 and x ~ 2' 7 . After rescaling, we are back in the 
classical case with (almost) constant curvature. 

The procedure differs a bit from the previous lemmas: Let (x,y,z) = £ G T 6 a + V s . We 
claim that the number of tripels (j', I', i') with the property £ G T k j' n + Tfvp ^ s bounded 
by a fixed constant. Without loss of generality, we may assume /' < / and in the case /' = / 
furthermore i' < i by interchanging the parameters if necessary. 



4.2 Further results 
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Step 1 If(l',i') ^ (Z,i) then j < f . 

The assumption is not necessary, since in the case (/', i') = (I, i) we may ensure j < j' by 
interchanging the parameters with and without primes. 
Case 1:1' ^ I 

In this case is /' < I, i.e. I' + 1 < I, and therefore 

(2 fc -l)7 + j 7fc + (2'-l)7 
<(2 fc -l) 7 + j lk + (2'-l) 7 + i lx < x 
<(2 k - 1) 7 + (j" + l) Tfc + (2 Z '-1) 7 + (i' + 1) T ,, 
<(2 fc -l)7 + (/ + l) 7fc + (2'' +1 -l) 7 
<(2 fc -l)7 + (j" + l) 7fc + (2 i -l) 7 . 

This already implies j < j' + 1, i.e. j < j'. 

Case 2: I' = 1 

In this case is i' < i, i.e. z' + 1 < i and therefore 

(2 fc -l)7 + j 7fc + (2'-l) 7 + ^ <x 
<(2 fc -l) 7 + (f + 1) 7 , + (2 Z -1) 7 + (i' + 1)7/ 
<(2 fc -l) 7 + {]' + 1) 7 , + (2'-l) 7 + 2 7 /- 

This again implies j < j' + 1, i.e. j < j'. 

In the next step, it is usefull to examine the projections in x-y— space. Thus we introduce 
the new curves $ n (x) = \ n$) (analogue $ p ). Using < 5, it is an easy task to verify 

rj in ={(x, i/, z) G R 3 | n(3 < z < (n + l)/3, $ (f ) < f < $ (§ ) + 5, < x < x w } 

(27) 

C f 5 kjn ={{x,y,z) e R 3 \n(3 < z < (n + l)/3, \y - $ n (x)\ < lOmS, x kj <x< x kJ+1 }, 

(28) 

and likewise for rL,. Now define the projection P(x,y, z) = y — x&' n (x k ) on the normal 
to the graph of $ n at point x k in x-y— space. 



y 




V(fy 


/I 6 
//S> = $ 


fa 




ri. i 




Xl'i' 


xu 





Fig. 3: Projection on the normal vector in the case n = p 



4.2 Further results 
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Additionally, we introduce 

Cfejn = Ofcj, ®n(x k j),nP) G T 5 kjn £ lip = (x u , %(x H ),p(3) e Tf ip (29) 
and analogue £ kj , n , £ W / p . 
Step 2 

(i) p(M - p(U) ~ 52 * (m ~ "^^W 

p(6/n) - p(^n) > w - j), mis j <f+i 

with = 2^T-i)f«Zf^ = 2''(f - 1 ) (2' + i2'd-?) _ 2 1 ' - i^ 1 "?)) . 

The term Ay/&/ looks somehow artifical. However, we will discover that this quantity is 
the crucial one, expressing (in some sense) the distance between Tf ip and Tf,^ . 
Part (i): The mean value theoreme provides the existence of a x G {xin^Xu) with 

%{x Vi >) - %{x u ) = & p (x)(xw - x H ). (30) 

Thus especially 



X < X U < Xi + i < X k - 2 
Kk-2 



and hence 



x_ < n^x^2 < 2^_2 = 2(2 fc " 2 -l) 7 = 1 (2 fc -4) 7 < 1 (2 fc -l) 7 = 1 x*_ 

pP ~ p/3 n/3 ~ n/3 nf3 2 n/3 ~ 2 n/3 2 n/3' 

Using monotony and convexity of as well as $(0) = 0, we obtain 

*'fiWfe)<M^Y (3i) 

It follows 



p/3 7 _ \2nf3J - 2 \nP 



ED 





( x k \ 




KnP) 




( x k \ 




\nP) 




m— 1 


k 


(n/3)" 1 - 1 


: 7 m " 


-Ic^kim 



p/3 



Thus we conclude 

P{il'i'p) - =^ P {xvi>) - $p(xu) - (x Vi > - x H )& n (x h ) 

=(#»(**) - %(x))2- 1 '^ -^Wr 

« 7 m 2 fc(m - 1) 2" r( f _1) A^/ 
(32} 



(32) 



4.2 Further results 
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Part (ii): 

Since the projection P depends on k, we are not able to use (i). However, we proceed in 
a similar manner: Like in part (i), we obtain a Xk between x k j and x k j> with 

®n(Xkj>) - §n{Xkj) = & n (x k )(x k j> ~ X k j). 

Furthermore, we obtain a x k between Xk and Xk with 

P{£kj'n) ~ P{£kjn) =®n(Xkj>) ~ ®n(Xkj) ~ (x k j> ~ X kj )& n (x k ) 

= (K(xk) ~ & n {x k )){x kj , - x kj ) (33) 
= ^(Xk){Xk - x k ){x k j' - X k j). 

Especially x k e (x k ,x k ) C (x k ,x k+1 ), i.e. x k « 2 fc 7 . (34) 

k(l——) fed— — ) 

In the case j > j we use Xk > m.in{xkj, x^'} = x^ = (2 -l)j+j2 ( 2>j = Xk+j2 1 2 >j, 

(35a) 

This gives 

P{£kj'n) ~ P{£kjn) = &n(x k )(x k - X k )(x kj > - X k j) 
11331 

(2 fc 7 ) m ~ 2 (£ fc - x k )(x kf - x kj ) 

11341 

> (2 fc 7 ) m ~ 2 j'2 fc(1 "T) 7 (f - j)2 fe(1 ^T) 7 

= i m j(f-j) 

In the other case j' < j the assumption ensures j = j' + 1, i.e. j' — j = —1. Now we use 

x k < max{x kj , x k f} = x kj = (2 fc -l) 7 + j2 k{1 -'f ) 1 = x k + j'2 fc(1 ~? } 7 . (356) 
In this case we obtain 

P{ikj'n) ~ P{£,kjn) = &n{x k ){x k - X k )(x k f - X kj ) 
11331 

« (2 fc 7 ) m - 2 (x fc -x fc )(-2 fc(1 -f } 7 ) 

11341 

> _(2 fc 7 ) m " 2 j2 fc(1 ~f } 7 2 fc(1 ~f } 7 
= -7 m J 

completing step [2j 

The next task will be to estimate the size of the pieces rL n of our decomposition, 
with respect to the projection P. The size of a set U with respect to P is measured 
by diamp(U) = sup{|P(w) — P(v)\ : u,v G U}. 

Step 3 



4.2 Further results 
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(ii) diam P (T 5 kjn ) < 62^ 
Part (i): 

diam P (T 5 Hp ) =P(x u , %(xu) + 0(6), pp) - P(x l:i+1 , %(xi >i+ i),p/3) 

=P(xu, $ p (xu),pp) - P(xi, i+1 , § p (xi li+ x),pp) + 0(6) 
=P(& P ) - P(tii,i + i, P ) + 0(8) 

We apply step EJ^i), replacing I' by I, i by i + 1 and i' by i. Then holds Ai^+i^ = 
2«f - 1 ) ((j + 1)2^-?) - i2 z(1_ f = 1 and 

diam P (T s lip ) =P(£ Hp ) - P(ti >i+ i, p ) + 0(5) 

w^^-^T-DAa.i+i,* + 0(5) 

=( j 2 fc(m-l)-i(f-l) + ^ 

<f ( j2 fc ( m_1 )~^?~ 1 ) 

Part (ii): 

diam P (T 5 kjn ) =P(x kjj+1 , $ n (x kjj+1 ) + 0(5), n/3) - P(x kj , $ n (x kj ),n(3) 

=P(x k j+i, $ n (x k j + i),nP) - P(x k j, $ n (x kj ), n(3) + 0(6) 
=Pfaj+i, n ) ~ Pfajn) + 0(6) 

Step [2In) implies 

P(Zkfn) ~ I'iU,,.) > 6j(f - j), if j < ./' • 1 

or, equivalently 

P(ikjn) ~ Pfaj'n) < 5j(j ~ ./')• if j < f + 1, 

so especially 

m 

Pfaj+ln) ~ Pfajn) < (j + 1)5 < 52 h T. 

This leads to 

diam P (Ti jn ) =P(£ k j + i, n ) - P^kjn) + 0(5) 
<52 fe f + 0(6) 
<52^. 

A further step will analyse the quantity Awn/. Here we exploit T s k -, n + T 5 VVp ^0 . 
Step 4 A«/«' < 1 



4.2 Further results 
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We apply lemma 17.51 Since 

£ Q ET s a , a = (k,j,n), (k,j',n), (l,i,p), (l',i',p) 

the lemma yields 

P{€kj'n) ~ P{ikjn) + P{€l'i'p) — P{£,lip) 

< diamp(T 5 kjn ) + diamp(T s kj , n ) + diamp(T s Hp ) + diamp(T s lHI ). (36) 

In stepdj we established j < j' (at least if ^ but in the case (l,i) = we 

may also assume this) . The application of step [2] and step [3] results in 

62 k(m-l)-H* -l) Amii < 6 2 k ^- l '(Y-^A W n' + Sj(j' - j) 

^S2 k ^ + 52 kim ~ 1} ~ l{ T - 1 ) + 52 fc(m_1)_z ' ( ? -1) (37) 

Now we use I' < I and I' < k, since the last one implies k(m — 1) — Z'(y — 1) = fcy + (k — 
l')(f - 1) > fcf . Thus ([ST]) transformes into 

i.e. A H /jj/ < 1. 

The former results will be merged into the following step, which states that there are not 
„too many" appropriate to a given 

Step 5 One of these three alternatives holds: 

(i) V = I: Then \i-i'\<l. 

(%%) V = 1- l; Then i < 1 and 2 l T - i' < 1. 
(Hi) V < I — 1: 27ien Z', / < 1 and especially i', i < 1. 
Especially V ml is necessary. 

Let me remind you that we assumed /' < Z and even z' < i for I' — I. The proof is divided 
into three cases: 
Case l:l' = l 

According to step HI we know 

1 > A U n> = 2 l( f- 1] (2 l + z2 i(1 ~f } - 2 l - i'2 l{l -f ] ^j = i - i' > 0. 

Case 2: 1' = 1-1 
Step H] now reads 

1 > A H ,«, = 2 Z (V +1 + z2 (z - 2 l - t'2 l ^A = 2 "2 - i' +^3, 

>o >o 

hence 

1 > i2 1_ T w i and 1 > 2 1 '^ - i'. 



4.2 Further results 
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Case 3: I > V + 1 

In this case, step H] yields 

1 > A mv =2''<T - 1 ) ( 2 < + i^ 1 " a > - 2'' - z'/^-f )) 
> 2 /'(f -i) L _ 2 i>+i\ > 2 i'(f -i) 2 i > ^ 

which already implies Z' < Z < 1 and thus i < 2 2 < 1, as well as %' < 1. 



y . 


Q(f| J n) 






/ < kjn 








X 



Fig. 4: Projection on the y-axis in the case n = p 

To come to a similar conclusion concerning j and j', we consider the projection on the 
y-axis, denoted Q(x,y,z) = y. Then -cf. fl25J)- Q(6y n ) = ^n(^fcj) and = 
analogue for the primed coordinates. 

Step 6 

,m 

ft) Q(£%)-Q(W> <S2 l T 

, m 

ftj Qfen) - QUkjn) ~ 52 k T(j'-j) 

Part (ii): Again, we use the mean value theorem: There exists a x between Xkj and x k ji 
fulfilling 

Q(£kj>n) ~ Q(ikjn) = ®n(%kj>) ~ ®n(Xkj) = & n {x){x k j> ~ X kj ) = $' [J^J i X kj' ~ Xkj)- 

Notice that x ~ x k ~ 2 fc 7, i.e. 

<3(6y'n) - <2(6fcjn) ~(2 fc 7) m ~ 1 (x fc/ - zjy) 

=2 fc(m-i) 7 m-i^/ _^ 2 fc(1_ f } 7 

Part (i): In this case, mean value theorem provides a i ~ X; ~ 2^7 such that 

Q(&ip) - Qi&i'p) =^ P {x u ) - ® P (xi>i>) 

=& p (x)(xu> - Xi'i') 

=5 2 l f 2^(f- 1 ) Aw iif . 



4.3 Summary of the results 
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Since < 1 by step 0] and I' w Z according to the equation transfares into 

m 

Q(Zii P )-Q(M<52 1 ^, 

thus completing step O 

Step 7 \j-f\<l 
We have 

diam Q (T s kjn ) = sup |Q(0~Q(»7)| 

= Q{x k j, ^n(xkj) + 0(6),n(3) - $ n (x fcij _i), 

$n(a*i) + 0{8) - $ n (^j_i) 

« 52 fc f + 0{5) 

Step Etii) 

m 

< 52 fc T. 

Using stepE^i) we observe diam Q (T 5 lip ) < S2 1 ^ < 52 kl 2 and diam Q (T 5 Vi , p ) < 52 k ^ . Now 
we again apply lemma 17.51 

Qiikj'n) — QUkjri) + Q{£,l'i'p) — Qiilip) 

< diam Q (T 5 kj , n ) + diam Q (T s kjn ) + diam Q (rf, Vp ) + diam Q (T s lip ) 

< 52 k ^. 



It follows 



62 k 2(j'-j) « Qfoj'n) ~ Q(6y» 



Schritt [6];m) 

< 52'T + 52 fc T 



Schritt ®i) 



m 



and thus j' — j < 1. This already implies the desired estimate, since j < j' + 1 according 
to step [TJ 

Togehter with step [5], step [7] completes the proof of lemma 14.31 



4.3 Summary of the results 

Corollary 4.4 

For all (6R 3 , we have 

#{(a,/i)|£ er£ + rj} < isc '/r\ 

where C is the constant from lemma \4-3[ 



4.3 Summary of the results 



26 



Proof: Let 

M ={(n, P )\3k,l,j,i { er 5 a + rl}, 
M(n,p) ={k\Ei,j,i:£er s a + rl l<k}, 
M(n,p; k) ={(/, J ,z)|^ G ri + rJ}. 

Then the previous lemma 14.11 14.21 and 14.31 states 

#M <3/r x (39) 
#M{n,p) <3 Vn,p (40) 
#M(n,p;k)<C \/n,p,k. (41) 

We proceed by 

{(a, A *)|eGri + rJ}={(«»A*)I^Gri + rJ l i < k} u {(a,^ g rj + rj, z>fc} 
={(a,Ai)|eeri + rJ, /< &}u {(«,//) |£g r£ + rl fc</}, 

and 

{(a,/i)|£Glt + rJ, Z< fc}={(a,/x)|(n,p)eM, k e M(n,p), i) G M(n,p; k)}. 
It follows 

#{(a, er*+ r^} <2#{(«, e rj + rj, / < A:} 

= 2 E E # M ( n >n k ) 

(n,p)£M k£M(n,p) 

<2 ■ 3/T 1 • 3 • C = 18C/3- 1 

using Fubini's theorem. □ 

If we enlarge the sets in the right manner, the statemant essentialy remains valid: 
Corollary 4.5 

For the sets r| - n , we introduce their adjacent sets 

T 5 kjn (u, v, w) = (0, vS, 0) + r s kd+Utn+w , u,v,we {-1, 0, 1}, 
as we// as their „doubling" 

G kjn= IJ T k jn (u,v,w). 
u,(j,ii)e{-i,o,i} 

Tnen /or every ( e R 3 : 

#{(a,/i)|eGGi + Gj}<3 8 .18C7 j 9- 1 . 
The last variation of these lemma is the version we want to apply finally. 



4.3 Summary of the results 
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Corollary 4.6 

Let 1 < s < oo and G s k j n like above. Then there exists a constant C s > satisfying the 

following: Let f a/i G C™(R 3 ), k, I = 0, . . . , | log 2 7 | -1, j = 0, . . . 2 fc T -1, i = 0, . . . 2'T -1, 
n,p = jj, . . . , jj — 1, be non-negative functions fulfilling 

suppf a ,cG 5 a + Gl 

Then for all £ G R 3 



28 



5 Lp-estimates for convolutions 

Consider two cuboids in K 3 with two short and one long edge. Both cuboids shall lay at 
parallel planes (we will concretize this soon). If we form the convolution of two functions, 
each one supported in one of the cuboids, what can we say about the L p -Norm, depending 
on size and relative position? 



5.1 Introduction to the Problem and formulation of the result 

For % — 1,2 let Ai = {(x,y) : \x\ < y, \y — rriix\ < |}. We assume that 5 <C 72,71 and 
moreover, that the slope rrii of the boxes is bounded by an absolute constant (i.e. not 
depending on 5 and 73). For convenience, let 72 < 71. 



y 




Furthermore, we configure the position of the figures relative to each other. Let a = 
Z(Ai,A 2 ) be the angle between the parallelograms, i.e. between their longer sides. The 
assumption of the boundedness of the slopes guarantees sin a a ~ tana. (42) 



5.2 Proof 
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Now we introduce the paralleloids Qi = Ai x (0,(3) C R 3 . Let ^ G R 3 and a bump 

function adopted to ^ + Qi- 

The main result of this chapter is the following: 

Lemma 5.1 

Let 1 < s < oo. T/ien 

/j^l* d ^(IT^^, (43) 

5.2 Proof 

At the beginning a simple remark: 
Remark 5.2 

For C > and i — 1,2 let Bi be symmetric (Bi = —Bi) subsets of W 1 , X{ G R n , 
suppipi C Xi + Bi and Halloo < C. Then 

||^i*^2||oo < C 2 \B 1 nsup(z + B 2 )\. (44) 



Proof: 



\ij>i * fo\(x) = J ipi(y)ifa(x - y) dy 

R" 

J \i)i{xi + y)^(x -x 1 -y)\dy 



R" 

< 



5.2 Proof 
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If the integrand does not vanish, we have x\ + y G suppipi C X\ + Bi, i.e. y G B\. 
Furthermore must x — X\ — y G suppip2 C X2 + B2 be valid, i.e. y G x — Xi — X2 — -B2 = 
x — Xi — X2 + Bi. We conclude 



|^i*^a|(^)< J + y)ip 2 (x - x ± -y)\ dy 

B 1 n(x-x 1 -X2+B 2 ) 

<C 2 \B 1 n(x-x 1 -x 2 + B 2 )\ 
<C 2 sup \Bx n (z + -B 2 )] 

as claimed. □ 
Remark 

// i/ie sets /ay like in figure 6, the supremum is achieved (amongst others) in z = 0, as we 
can see clearly in the picture. In this concrete situation, a formal proof can be obtained 
with some efforts by an elementary computation. 

However, it would be more typical for a mathematician to conjecture a more general state- 
ment: „Let K and L be two convex bodies in IR™ symmmetric with respect to the origin 
(i.e. K = —K). Then for all z e R n follows \K n (z + L)\ < \K D L\." 
As it is often in convex geometry, the statement is quite easy to understand, whereas 
a proof is not immediatly clear. One might use the inequality of Brunn- Minkowski (cf. 
lemma \7J$ . 

Anyway, we now need to estimate \A\ n Ai\: 



Lemma 5.3 
We have 



\MnM< S ^ - ^ 



max{<5, 72a} d~ + 72a 

Proof: Enlongating the two parallelograms in direction of their longer edges to infinity, 
we obtain by a elementary computation (cf. figure 7) 

S 2 Eli S 2 

l^i H A 2 < —— w — . (45) 
sma a 




Fig. 7: A x n A 2 
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This expression is indeed to large for small angles; in this case we therefore apply the 
trivial estimate 

\Ai n A 2 \ < \A 2 \ = h2- (46) 

The changeover appears if the corners of the small parallelogramm get into touch with 
the large parallelogramm, i.e. if a ~ ^. Given 72a > 5 we thus apply (H5l) and find 

\A x nA 2 \<- 



a max{5, 72 a} 
In the contrary case 72a < 5 we apply (H6|) and find 

5 2 72 



A 2 | <^7 2 



max{<5, 72a} ' 

and thus the desired estimate in both cases. □ 

This lemma can be proved in a similar manner, as basic as before: 
Lemma 5.4 

l^i + ^l <7i(<$ + 7 2 a)- 
Now we are able to start with the proof of lemma 15.11 
Proof: 

|0i*0 2 | s da; < ||0i * 2 ||^o I supp(<pi * 

JR' 1 

< ( sup \Qin( v + Q 2 )\) s + + 6 + 

Lemma O ^IR 2 xIR 7 

|QinQ 2 | 8 |Ql + Q 2 | 

I (A D A 2 ) x (0, /3) | s I (At x (0, /?)) + (A 2 x (0, /?)) | 
\A 1 nA 2 \'P 8 \(At+A 2 )x(0,2/3)\ 



< (t^-) S \(Ai + A 2 )\^ 
Vd)+7 2 a/ ' 

< [ T^-V 7i + 72«) 



Lemma I5J3I 



LemmlEai ^ + 72^ 



(5 + 7 2 a) 
(l + ^a)-i- 
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6 Proof of theorem 12.2 



Befor we start to complete the main proof, we need a further lemma, which concretises 
the general results from the previous chapter in our special situation. 



6.1 Application of the results from chapter [5] 

Lemma 6.1 

Let 1 < s < oo. The functions <pkjn introduced in the previous chapter satisfy the following 
estimates: 

(i) If\k-l\~>\ then 



dx <(/W 7 ) s + 1 2^ 1 +™) 2~^ m - 1 ^ s - 1 K 



) kjn * ( Plip\ 



(47) 



(ii) If \k — l\ < \, we find either a function f : Jj. — > Ii with Vz £ I\ : \{j : f(j) = i}\ < 1 
or a function g : Ii — )■ 1^ with Vj G : \{i : ^(i) = j}\ < 1 snc/i £/iai 



i fcj -„ * 0^| S dx <(^ 7 ) s+1 2^ (1+s - sm) 



m n s-1 
2~ 2 



where 



h(ij) = \f(j) -i\ or h{i,j) = \j - g{i)\. 



(48 



(49) 




Proof: Recall the definition of f 5 kjn = {(x, y, z) G R 3 | n(3 < z < (n + l)/3, |y - $ n (x)| < 
I0m5, Xkj < x < Xfej'+i}. The projections of these sets on x-y— space are contained in 
parallelograms with slope $^(x^), thickness 0{8) and width 7^. When we shift their 
centers to the origin, they intersect with angle 



a =Z(fjy n , f = I arctan$^(x fc j) — arctan$p(x;j)|. 



(50) 



6.1 Application of the results from chapter |5] 
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Since $' and therefore as well $'=$'( —3 ) and $' are bounded from above and from 

n \ n P J p 

below independly of n and p, we have 

«~KN-*pW|. (51) 

At first we consider the case (i) \k — l\ ^> 1 and assume without loss of generality I < k, 
we obtain due to the dyadic nature of the construction 



a «# B (s w ) « (2*7) 



m— 1 



'V" . m 

2 fcy 



2 fc ( 1 -2") 7 



A m 

=— 2 fc T. (52) 

The case (ii) \k — 1\ < 1 is a bit more complicated. This is due to the fact that we decom- 
posed orthogonal to the x— axis, regardless the cone-like shape of the surface. Formula 
(l5Tj) illustrates the difficulies: In the special case n = p we get rid of the difference by 
the fundamental theorem of calculus, but unfortunatly, the general case appears much 
harder. 

Instead of this, we choose an other approach: Let k,l,n,p be fixed and eij = $'(2;^), 
bj = $' n (xkj)- Then for all j,j' 

\bj-b f \ = \KM - K(?kj>)\ 
» &'{x k )\x kj - x kjl \ 

« (2 fe 7 ) m - 2 7fe |j-j"l 

= 2 fe (f- 1 V n - 1 |j-j'l 

= (53) 

7fc 



In the same manner we obtain 

af — aj' « — k — « « — k — 1 ' . (54) 
7z 7fc 

This basicly means that we have a good idea how to compare the 0j with each other, 
the same with the b'jS. But we lack control in comparing some <Zj with a bj. Therefore we 
apply the abstract result of lemma ITHl At first we check the preconditions: 
The sequences a,i,i G l\ and bj,j G I k are increasing, since (for instance) xu < Xu + 7; = 
Xi t i + i and $p is monotonously increasing. Thus we may apply lemma [T761 to the renormed 
sequences ^a, and ^fbj. Provided b 2 k m /2_ 1 — b < a 2 im/2_ 1 — a we get a function f : I k I[ 
almost injectiv, i.e. Vi G Ii : |{j G : /(j) = z}| < 1, and fulfilling 

|oi - 6j| > -|oi - a,f(j)\ Wi G 7|Vj G I k . (55) 



6.1 Application of the results from chapter |5] 
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Consequently 



a &\& n {x kj ) - & p (x u )\ 
= \bj - Oil 

Z\ a i- a fU)\ 

~ — * - f wl- 
jk 

Provided 6 2 *W2-i — b > a 2 im/2_ 1 — a we switch the roles of dj and 6j and obtain a 
correspondingly result; in any case, we obtain a function h as desired and fulfilling 

a>-h(i,j). (56) 
7fc 



Consolidation of (l52p and ( 15 6 p yields 



Ik ]2 fc 2, falls I < k 

—a = < (57) 
5 \h(i,j), falls |A:-Z|<1. 



Using lemma ISTTl and taking into account I < k, i.e. 7^ < 7/, we conclude 

(W +1 



(1 + f a y- v 



(/3^7) S+1 2 |( 2 s- ms ) 2 ^(2- m ) 



(1 + ^a) 5 - 1 

:(/35 7 ) s+1 2^( 1+s - sm ) • ' 



22 (s-l)+2 



(l + ^a)^- 1 

It remains to consider the second expression. In the case I >C k, it is transformed by (ISTj) 
into 

k I k I 



(1 + ^a) 5 - 1 2 fc f (s " 1} 



fc 1 

_2'2 (s— 1— "is+m)+ 2 (ms— m— s+l) 
fe— i 

_2-— (m-l)(s-l) 
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35 



whereas in the case \k — l\ < 1, it gives 

k I 
2 2 ( s ~ !)+2 ( ms ~ m—s+i) 22 



k I k I 

n(s-l)+^(ms-m-s+l) Oo( s -l)+n( ms - m - s +l) 



k+l, . 
2 ^ (ms-rn) 



s-1 



k+l m 
2 2 2 



l + h(i,j) 

whereby the claim is verified. □ 



6.2 Completing the proof 

One further intermediate step will be helpfull since we get rid of the split-up in the two 
different cases from the previous lemma. 

Lemma 6.2 

Let 4 < 1 < h + h and ± + 4 = 1- (58) 

p q 2 p s p \ ' 

T/ien /or a// fc, /, n,p and /or a// finite sequences a G R /fc , 6 G R/' we /iai>e 



ij J 



<(/35 7 ) s+ ia||^||6||^2^ (1+ ™ + m ( 1 ^)) 2 ^( m - 1 )( s - 1 ). 
Proof: At first we consider the case \k — l\ ^> 1. Holders inequality implies 




which, together with lemma 16.11 results in the desired estimate. 



In the case \k — l\ < 1 we apply lemma ET] with parameter r = — . (59) 
Since we assumed -<■= + -;, it follows 

q 2 p> 

l l l l 1/ 2\i58ji , q' 

- = !--> = - 1 - - = — , thus r = - < 2. 60 

q' q 2 p> 2 V p' J 2s s V ' 



6.2 Completing the proof 
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Furthermore, we have 



1 


s 

qi~~ 


= 1-5 


>1 - 


s + 


3 
pi 


6HL 


s + 





s 
Q 

- s 

1 

s 



3s 2 

= -(*-!) + !(*-!) 



s - 1 



i.e. 



Q:= ( s -!)-<!. 



(61) 



Assume for simplicity once more that / < k. To apply the lemma, we have to analyse the 



kernel Gk+i (x) 

2 



fc+i Hi 
2^~ 2 
1+x 



2 2 -1 



fc+i 
2 



gHD, x e [o,2 fc ? 


m 




2 / 2 fcf 


dx< J 






I X 


<2 fc 2" 


" X l-Q - 


l-Q 





. m 

dx = 2 k T 



2 k 2 



x y dx 



2 fc 2 pa 2 2 2. 



J 



i.e. 



Il^l+i II rl 

~2~ 2 



IIG 



2 



I s— 1 



< 2~ 2~q- < 2~ 



fc+i 



m 1- 



(62) 



a i |> i | s 2 i ^( 1+s - sm ) 



fc+i m 
2~ 2 



s-1 



Next we again apply lemma IBTTj but this time part (ii), though we just discuss the first 
case h(i,j) = \f(j) — i\. The lemma states 

^2\aj\ s \bi\ s / \(p k jn * (pup\ s dx 

ij 

<(/35 7 r +1 E 

ij 

and according to lemma 17.11 



(63) 



k+i m -i s-1 

2~ 2 



i+\m-i\ 



|a"llr||61lr||G 



fc+i ii r_ 

~ 2 



( f62l 



< \\a%\\b%2^-P 



Putting this into fl63l) yields the claim, when we insert the expression 2 2 l(m 1 ) ; 
which is of constant order in case of \k — l\ < 1. □ 



6.2 Completing the proof 
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Eventually we can complete the proof of theorem 12.21 Let me remind you of its statement: 



Theorem 

Let p' > m + 1, 4 < - < h + h, then 

r ' p q 2 p ' 



^aj a \\ p , <5^\\ J2 M(2 fc -1)7) 

o a=(k,j,n) 



1 m+l 

1 v' i 



'a\\q 



(64) 



Zio/efa /or a// 5 > anc? /or all sequences a a . 

Proof: Since 2 < p' < oo, we find s € (1, oo) such that j + 4 = 1. 
Since even 4 < p', y > 2 holds, thus we can apply Youngs inequality: 



(65) 



£ 



«(£ 



a,/Lt 

< || 2 ; fl « fl 



era r/^iis 



E 



a, /i 



dx. 



Now we exploit the estimate from chapter [4] of the overlap of the supports of the functions 



E 



? 1 1 2s 
a a(Pa\\pi 



< 

corollary 

< 

lemma 16.21 



E 



|^a| 1*^/^1 



dx. 



\<f>a*<f>p\ 8 dx 



< /? 2 (5T) s+1 Ell^||^||a^||^^^— + ™(i-rf) 2 -i¥l(m-i)(.-i) | 



fcinp 

where afc n = {dkjn)jei k , a ip — {< l iip)ieir Notice that for fixed k Holder implies 

/] IKnllq' < 









E 1 







(66) 
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where = (akjn)j,n- Implementing this in our equations yields 



k.l 



A./ 



=/ 3F(5 7 )(^)^||a fc 2 



1 — m I m+ 1 m 



1 — m I m + l m 



s o — I fc — Z 



(m-l)(s-l) 



A./ 



(67) 



We again apply lemma I7TT1 for r = — (recall r < 2, cf.flSTT 



E 



2> 

7 



(57) 



s+l- 



7 



2s ( 1 — ra | m + l 1 



El|a fc (2S)^ 2+ ^ 1 -?||^-f) T ^ 



2 s 
7 



«5= 7 ™ (m+l) ( s+ i_ ^ ) _ (tp + Sgl. J, ) 2, 



We determine the exponents: It holds 



Ell^(2 fc 7)^ + ^^||^ fe ( 1 -t) 7 /35 



(6? 



2s 

(m + l) [ 8 + 1 - 

q 



1 — m m + l 1 . 
+ — — 2s 

2 2s q' 



~-2s 
--2s 



. (1 1 1 \ 1-m m + l 1 

(m + l) - H h — 

V ' \2 2s q' J 2 2s q' 

m + l m 1 — m 

~ 7 ~ 



-2s m 



1 

1 

q> 



2sm 



(69) 



and 



1 — m m + l 1 1 m + l m + l 1 m + l ( 1 \ ED 1 m + l 
1 = 1 = 1 *=» . 

2 2s q' q 2 2s q 2 \ s J q p' 



(70) 



A further computation shows 



; dx « \r s a \ = \r s kjn \ « 7fe /35 = 2 fc ^-f ) 7 /35, 



(71) 
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thus 



translates into 



£<Uj? ;$7 m « £lM2* 7 ) 

a \ k 

=** (/E|M2S) 
5!||J> a ((2 fc -l) 7 ) 



1 m+l / 



2 s 
7 



1 m + l 
9 p' , 



1 m + l 
9 p' ( 



V 



dx 



2* 



Q 119 



completing the proof. 



□ 
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7 Appendix: Auxiliary lemmas 



7.1 Classical lemmas 

Lemma 7.1 

Let 1 < r < 2, and f : N — > N „almost" injectiv, i.e. there exists a constant C > snc/i 
tfiatVZ : |{ife e N : f (k) = l}\ < C. (72) 
Then 



k.l 



< C^\\a\\ r \\G\\ r > 



ZioMs /or all sequences a,b £ £ r , G G 



Proof: At first, Holder's inequality gives 



k.l 



< ||a|| P ||(G*6)(/(- 



We further observe 



^|G*6r'(/(A;)) < C^|G*6r'(0- 



Since r < 2, we have r' > 2, i.e. ~ > 1. Hence we apply Young's inequality with parameters 
1 + 1 = 2 + 1 to obtain 

||G*6|| r ; <\\G\\ r > ||6|| r . 



Altogether, this provides the desired estimate. 

Lemma 7.2 (Holder's inequality in Lorentz spaces) 

Let - = 1 + 1. % = 1.2. T/ien 

Pi ?i n ' ' 



ll/^llpi,P2 < 



91, ?2 Ilfl , ||ri,r2- 



Proof: [G] 



Lemma 7.3 (Brunn-Minkowski) 

Lei i^O; -Ki be compact and convex subsets o/R n and < t < 1. Then 



□ 



□ 



(1-t) |K |™ + t|#i|" < |(1 -*)-Ko + *#i|». 
Proof: Compare [GW], theorem 6.2, p. 57. 



□ 
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7.2 More special lemmas 



Lemma 7.4 

Let K and L be two convex bodies in R n symmmetric with respect to the origin (i.e. 
K = —K). Then sup \K n (z + L)\ = \K n L\ holds for all z G R n . 

It is a simple observation that both conditions on K and L are crucial. 

Proof: Let z be some point in W 1 . We have to show that \K (1 (z + L)\ < \K D L|. 
Therefore we introduce the sets A = (L + z) fl K and 5 = (L — z) fl X. The proof will be 
divided in three steps: 

(i) ^CKHL 

(ii) \A\ = \B\ 

(iii) |A| < |^|. 



□ 



Notice that (iii) and (i) immediatly imply what we claimed. 

Proof of (i): On the one hand, since A C K and B C K, we have ±& C ^f- K = lvex X. 

On the other hand, since A C L + z, B C L - z, we have ±& C L+2 + L ~ 2 L c = vex L. 
Proof of (ii): This is clear since A = —B by the symmetry condition on K and L. 
Proof of (iii): We apply the inequality of Brunn-Minkowski: 

1 

2 

(») / 1 
V2 

A + B 





i 

» + 


i 


A| 




2 






i 

- + 


1 


P| 




2 





Brunn- 

< 

Minkowski 



Lemma 7.5 

Let X be a normed vectorspace and Ui, U 2 , V±, V 2 C X with the property U\ + V\ fl U 2 + 
V 2 7^ 0. Furthermore let P be a linear functional on X and let Xi <E Ui, a = P(x 2 ) — P{x\) 
and yi <EVi,b = P(y 2 ) — P(yi)- Then we have 

a + b < diam(P(Ui)) + diam{P{V i )). (73) 

i=l,2 

Proof: Choose some £ G Ui + Vi fl U 2 + V 2 . There exists ui G U i: Vi G Vj, % — 1, 2 with 
ui + v\ = £ = u 2 + v 2 . It follows 

a + 6 =P(:r 2 - xi) + P{y 2 - yi) 

=P(x 2 - Xl ) + P(y 2 - yi) + P(u! + ui) - P{u 2 + v 2 ) 
=P(:r 2 - u 2 ) + P(y 2 - v 2 ) + P(ui - xi) + - yi) 
< diam(P(U 2 )) + (&am(P(V 2 )) + diam(P(C/'i)) + c&am(P(Vi)), 



completing the proof. 



□ 
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Lemma 7.6 

Let I = {0, . . . ,n}, J = {0, . . . ,m} C N and let a = (a») ie j G R 7 , b = (bj) jeJ G R J be 
two increasing, finite sequences such that 

C^ 1 < di+i — a, < C fur alle i G I ,„ .% 

C" 1 < b j+1 -bj<C fur alle j G J. 1 j 

Moreover we assume that b m — b < a n — Oq. (75) 
JTien i/iere exists a function /:«/—>•/ swc/i £/ia£ 

(zj |oi - 6j-| > -\a,i - a fij) \ 

(it) WeI:\{j:f(j) = t}\<4C 2 + 2. 

The trivial case I = J, a = b can of course be solved by / = id. In the general setting, we 
in some sense had to replace every bj by some ctffj), leaving the distances to other points 
(almost) unchanged. Condition (ii) can be read as a weakening of injectivity. 

Proof: 

Without loss of generality, we may assume b m < a n . (76) 
To be more precise, if b m > a n would hold, we would consider Oj = — a n _, and bj = — 6 m _ 3 -, 
which also fulfill the requirements of the lemma. Then 

b m — —bo < CLn — do ~ b m < —ctQ = a n . 

So, if we would find a function / appropriate to a, b in the sense of (i) and (ii), f(j) : = 
n — f(m — j) would be a solution appropriate to a and b since 

\Q>i bj\ 6 TO _j | ^ "^\0"n—i ^/(m— j)\ 2 * ®'n—f(m—j)\' 

Furthermore, we may also assume a < b m without loss of generality. (77) 
In the case a > b m , we would introduce a, = a, — a + b m < a iy such that d = b m < b m . 
If / is a function associated to a and b as required, then 

\bj - Oil = «i - 6j > a, - 6j- =_ \bj - > -|a /w - a<| = -|a /w - a<[. 

«m<ao b m =a A A 

It would be helpfull for the construction of / to assign an i to every given j in a way that 
bj is close to Oj. Nevertheless, if the sequences are somehow shifted against each others 
(for instance, b Q a ), there might be no „close" to fy. If we would always choose the 
closest cij, this would hurt condition (ii). 

Therefore we mirror a/s at do, to ensure that for every bj there is a (maybe mirrored) 
point di nearby. 

a f(f) 

I I I I I I I I 1 1 1 1 1 1 1 

O-n k O-O 





I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ^ 

b bj> bj b j . | r< 



Fig. 9: Setting of the sequences a and b 
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Let I = I U (— I). Define the continuation of a on / by a_j = 2a — ctj, 2 G /. We then 
find a function g : J — >■ J such that |a ff (,-) — 6j| = min |o» — The claim is that / = \g\ 

i&I 

is asolution of our problem. 
Checking condition (i): 
Case 1: g(j) > 0. Here 

\ a i ~ a f(j)\ = \ a i ~ a g{i)\ — \ a i ~ bj\ + \bj — a g(j)\ < 2|oj — bj\. 

minimality of g 

Case 2: g(j) < 0. Here 

\ a i ~ a fU)\ = \ a i ~ a -g(j)\ =\ a i~ 2a + a g (j)\ 

<|aj — a | + |ao — CLg(j)\ = CLi — O-O + a ~ a g(j) = \ a i ~ a g(j)\ 

monotony 

and we proceed as in case 1. 
Checking condition (ii): 

Obviously, it is sufficient to show that \{j : g(j) = i}\ < 2C 2 + 1 holds for every i 6 I. 
Thus let g(j) = i. 

We claim that |aj — bj\ < C and check this: 

Case 1: <2j < bj. Would i = n, then bj < b m < a n = < 6j, hence i < n. Thus Oj + i 

is well-defined and 6j < a i+1 holds according to the minimality in the choise of g. We 
conclude |dj — bj\ = bj — cij < a i+1 — a.j < C. 
Case 2: a« > bj. Would i = —n, then 

bj < a,i = a_ n = 2a - a n < 6 m - (a n - a ) < &o < bj. 

Il77l lP75ll 

Hence we have 2 > — n, thus cij_i is well-defined and bj > cij_i holds. We finish as in case 
1. 

Case 3: <2j = bj. This case is trivial. 

If additionally g(j') = i, then |a, — &j| < C and |a» — < C. Now we utilise (174|) . 
Therefrom we get by induction 

- j'| < |&j - M < |&j - ^1 + |ai - VI < 2C, 

i.e. 

|j - j'l < 2C 2 , 

and thus condition (ii). □ 
Remark 

If assumption (175|) zs not fulfilled, a comparable result can be obtained by interchanging the 
roles of I and J or a andb respectively. Actually, the lemma remains also essentially valid 
if these quantities are not interchanged. Therefore we just need some further mirrorings, 
if necessary also at the „upper" end a n . This would enlarge the bound 4C 2 + 2 from (ii) 
depending on the relation between n and m. Nevertheless, the notation would quickly 
become confusing, thus I omit such a version of the lemma. 
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